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ABSTRACT

When dealing with large-p-small-n problems in regression analyses, a reduction of the
dimensionality is always desired. A lofty goal is to reduce the dimension of the original
design matrix without losing any regressive information. Utilizing the randomness
property of the predictors, a sufficient reduction is obtained under a principal fitted
component (PFC) model. Assuming that the sufficient reduction is of dimension one, we
replace the original predictors vector with the dimension-reduced-predictors vector in a
forward regression model to form the so called single index principal fitted component
regression (PFCR) model. We conducted a simulation study to compare the prediction
performances of the single index PFCR to forward dimension reduction models,
including the partial least squares, LASSO and ridge regressions, under distinct scenarios.

1 Introduction

Scientists in many research fields are encountering regression problems where the
number of predictors p is larger than the number of observations n. For example, in
genetic studies, the number of potential genes that may cause a disease is much greater
than the number of patients in a clinical trial. Statistical analyses on data sets with p
greater than »n are often referred to as “small-n-large-p” problems. To make further
statistical inference, such as predictions, a reduction of the dimensionality of the
predictors is always desired.

When building regression models, selecting potential variables, and making predictions,
the conditional distribution of Y | X is traditionally applied, where Y is the response
variable and X is a p-vector of predictors, such that X =(X,.... X ), X, eR, and

i=1,..., p. Aregression model for Y | X is called forward regression. Some forward

regression methods, such as the partial least squares (PLS), LASSO regression, and
principal component analysis are frequently used. When the predictors in X are fixed, the



X|X

forward dimension reduction methods are naturally chosen for modeling . However,
when the predictors in X are random, modeling may be a viable approach to
attempt a dimension reduction on X. A regression model for is called an inverse
regression. An example of inverse regression is the sliced inverse regression [14].

When dealing with large p problems, a lofty goal is to reduce the dimension of the p-
predictor vector X to a d-predictor vector R(X), such that d < p, and use R(X) as a

surrogate variable. Dimension reduction methods have been developed for that purpose.
Cook [5] has showed that when (Y, X) have a joint distribution, ¥ | X can be linked to

XY through R(X) that carries all of the regression information that X has about Y. In
addition, Cook [5] has argued that the conditional distribution of X|Y provides more

reductive information when encountering the large p problems. Cook [5] has proposed an
inverse regression approach to dimension reduction in the regression context, which is
called principal fitted components (PFC) models. They are likelihood-based approaches
that model X|7Y .

PFC models are equipped to capture any type of associations between the predictors and
the response variable through the use of a set of basis functions. In this research, we
consider a special case of PFC models, where the predictors are linearly related to the
response variable. We restrict our research scope to scenarios, where the dimension of the
sufficient reduction is one. The obtained reduction R(X) is plugged in the forward

regression model as the following:
Y=0a,+0R(X)+e

The prediction performances of this model, referred to as principal fitted components
regression (PFCR), is studied through the simulations. We compare the prediction
performances of PFCR with other traditional forward regression methods, such as the
PLS and LASSO regressions. We consider the following three scenarios:

(a) Large n case, where n is greater than p,

(b) Dense case, where p is larger than n and all the predictors are related to the
response variable,

(c) Sparse case, where p is larger than n. However, only a few predictors are related
to the response variable.

This thesis is organized as the following:

In Section 1, we will present the PFCR. An exposition of PFC models will be provided.
In Section 2, we will describe some traditional forward dimension reduction models,
including the PLS, Ridge, and LASSO regressions. In Section 3, we will compare the
prediction performances of the PFCR with other forward reduction models in distinct



scenarios, including the large n, dense, and sparse cases. In Section 4, based on the
simulation results in Section 3, the overall conclusion will be drawn.

2 Principal Fitted Components
2.1 Principal Components and Dimension Reduction

Suppose X|,..., X, represent the p-vector of predictors from n samples, X, can be
presented as (Xli,le.,...,Xpi)T , where X,;eR, j=L..,p, and i=1,2,...,n. We denote

the nx p design matrix X as((X,—X)",...,(X, —X)")" . One of the frequently applied

methods for reducing the dimension in X is the principal component analysis. The
principal component analysis has been studied for years, especially for its associated
applications in linear regression models. The original idea of the principal component
analysis is to adopt the first few important components of the covariance matrix of X, so
the dimension of the original design matrix can be reduced. While applying the principal
component analysis in linear regressions, our purpose would be reducing the inflated
variances of parameter estimators and providing more accurate predictions.

T

Let jl,ﬁz,...,/ip be the eigenvalues of ﬁ , where 2 = X and 2} > /1; > /”Atp , We

n
denote the associated eigenvectors as ¥,,%,,...,¥, - Applying linear transformations and

combinations, the principal components of X are defined as {yy X", 7, X",..,7, X"},

where y, is called the principal component direction. In some cases, the principal
component analysis cannot perform well in the dimension reduction. Anderson [3] has
given an example: If all eigenvalues of 2. are approximately the same, i.e. ):l ~ i > Vi, j,

such that i # j, no matter how we rotate the coordinates, we still cannot reduce the
dimension of X.

Depending on different application purposes, it has been discovered that by using the
principal component analysis, the first few leading principal components

gl XTIl xT
component analysis has also been studied for its applications in linear regressions. In a
principal component regression (PCR), the initial set of p predictors is replaced by a set
of d principal components. When d is less than p, a reduction of dimensionality is
achieved.

+, where d < p, possess many useful properties. The principal

The most critical drawback of PCR is that it focuses on the dimension reduction in the
design matrix without considering any regression information from the response variable.
There is no guarantee that the first few leading components would necessarily be related
to the response variable. It seems to be over simplified to think that the first few leading
components contain the essential regression information regarding the response variable.



The dimension reduction in a regression model by using the principal component analysis
could sometimes fail, because of leaving out some major eigenvectors, which may be
highly related to the response variable. Therefore, it may be necessary to consider both X
and Y simultaneously when making the dimension reduction in a regression model.

Cook [5] has claimed that given a p-vector of the predictors X, the purpose of the
dimension reduction in a regression model is to search for a function R(X), whose

dimension is less than or equal to p, such that R(X) captures all the regression
information that X contains regarding to Y. If Y| X has the same distribution as Y | R(X)
then R(X) is called the sufficient dimension reduction. We may pursue the sufficient
dimension reduction through the conditional distribution of Y | X, the conditional
distribution of X| Y , or the joint distribution of (X,Y).

Suppose R” denote the p-dimension space. Cook [5] has further defined the dimension
reduction R:R” —RY, where d < p, to be sufficient, if R(X) satisfies one of the
following three conditions:

1. Inverse reduction, X| (Y, R(X)) ~ X|R(X),

2. Forward reduction, Y | X~ Y |R(X),

3. Joint reduction, Xis independent of ¥ given R(X),

where A~B means that A and B have the same distribution. Each condition shows that if
R(X) is the sufficient reduction in a regression, R(X) should contain all the regression

information that X has in relation to Y. In the following content, we denote Y |(X = x) as
Y,,and X[(Y =y) as X .

2.2 Principal Fitted Components
Consider the following inverse regression of X on Y :

X, =u+l'v +¢&. (1)

In model (1), 4 isa px1 vector, and I' isa pxd semi-orthogonal matrix, such that
d < p andI"T =1,. The vector v, is an unknown function of ¥, which is assumed to

have a positive definite sample covariance matrix and is centered to have the mean 0. The
sufficient dimension reduction is estimated by the first d principal components, which is

I'"X. Model (1) is referred to as principal component (PC) model.

Cook [5] has stated that when Y is observed, v, can be modeled as v =Bf,, where f, is

a known vector valued function of Y referred to as basis function. Thus, the PC model can
be expressed as the following:



X, =u+I'Bf, +¢& 2)

Model (2) is called the principal fitted component (PFC) model. Suppose var(g) =c’1 s

then T'"X is still a sufficient reduction in model (2). In the PFC model, p € R*", where
d <r.Thus, B has unrestricted rank d; also, f, € R" with ZV S, =0.When Yis

continuous, Cook [5] has claimed that we can consider £, ’s which contain a reasonably

flexible set of basis functions, such as polynomial bases or piecewise polynomial bases.

In this research, we set d =1 and f, =y in the PFC model, so that we can have fair and

straightforward prediction comparisons with forward models, such as the OLS and
LASSO regressions in the later section. Therefore, model (2) can be simplified the
following:

X, =u+I'fy+e. 3)

In model (3), T" isa px1 matrix, where I'T'=1, Be R, and y is an observed value from
an univariate random variable Y, such that E[Y]=0. Model (3) is referred to as single-
index-isotropic PFC model. In the following sections, we only concern isotropic PFC
models, i.e. var(g)=0o"1 ,- For the convenience, we adopt the term “signal index PFC
model” when d = 1.

The maximum likelihood estimates of the parameters in model (3) are provided in the
following section.

23 Estimation under Single Index PFC Model

The parameters space is (1, T,,0°) in model (3). The log likelihood function is

LS (X~ pu-TBy) (X, —u-TPBy). (&)

i=l1

L(u,T,B.0%) =-Liog2m) -2 l0go? -
(1,T,B,07) 5 g(2m) 5 log 5

Fixing I', B, and o, equation (4) is a function of 4, so the log likelihood function is

maximized by g=X= in /n.

i=1

Substituting £ into equation (4), the log likelihood function can be expressed as the
following:



L(T, B, 0'2) = —% log(2m) — % 1ogo-2

S x —x—rpy) T 41,07 )X, - X -Tpy) (5)
= Vi 0" 0% Vi)
where (I',I',) is a full rank orthogonal matrix, such that (I',I',}(I',I",)" =1 ,- Holding '
T
and o, equation (5) is a function of B alone. Denoting Y =(¥,...,Y,)", C= XY , and
n
T A
T ~ — r*cC
&yz = Y , equation (5) is maximized by B = FTXTY(YTY) 1_ 5 -
n o
y

Substituting B into equation (5), we obtain the following log likelihood function:
CCTP,
~2

})

n

> trace(X —
o

L(B.T,0%) =~ log(2m) - logo” — ), (6)

T

where 3 = and P, =I'T’ . Fixing o, equation (6) is a function of T".

n

The log likelihood function is maximized when I' is the eigenvector of CC?
corresponding to the uniquely largest eigenvalue. Equation (6) is maximized when

¢ e
I'= (,\: andB:A—z.
¢ 5

To estimate o, we substitute f, I§ , and [§ into equation (6). The log likelihood
function can be presented as

L(O‘z) __r log(2m)— w loga2 N > trace(i —ZA:ﬁ[) s (7)
2 2 20
AT
2 . . . 1 & &
where X, =———. Equation (7) is maximized when 6 =—trace(XL-2;,).
o, p

24 Signal Index Principal Fitted Components Regression

We assume that (X,Y) are jointly observed, and both X and Y are random. Consider a
forward regression model

Y, =p'X+e, (8)



where X e R”, BeR”, and e is the error term. Using the randomness property of X,

we apply the PFC model. The sufficient reduction I'" X retains all regression information
contained in X about Y.

We then replace X by I'"X in model (8) to obtain
Y, =AI"X)+e¢, )
where AeR and d<p.

We estimate I’ via the PFC model and denote I'"X as Z. Once I' is obtained, equation
(9) is equivalent to a simple linear regression

Y,=AZ+¢.

It is observed that through the PEC model, I'"X acts like a proxy for X in a forward
regression. The procedure of replacing X by a sufficient reduction in a forward
regression is called the signal index principal fitted component regression (PFCR).

The signal index PFCR is similar to the principal component regression (PCR), where the

first few principal components of 3 are used as the proxy for X in a forward regression;
however, in the signal index PFCR, Z is called the principal fitted component.

2.5  Prediction with Signal Index PFCR

Given a new set of observations on the predictors, making predictions via the signal

index PFCR follows the usual prediction procedure with a forward regression. Let X~ be
a new set of observations, then

o A * ~ AT *
YX* =EY | X=X)=A4I"X).
2.5.1 Prediction Error

The performance of the prediction is evaluated by the usual mean squared prediction
error E[Y — E(Y | X =x)]’. Consider two independent data sets (X,Y) and (X,Y").
Based on the model built in (X,Y) data set, we make the predictions on (X',Y"). The
mean squared prediction error (PE) is defined as

PE=1Y (1 £ |X=X)).
n o



2.5.2 Lower Bound of the Prediction Error

A lower bound of the prediction error can be obtained as var(Y | X). Assuming (X,Y)

follows a joint normal distribution; a lower bound of the prediction error in the single
index PFC model can be obtained.

Consider the following setup of the single index PFC model

X, =Gpy+e =G||G||py+e¢,

where G =G/||G| and & ~ N(0,06°1,). This setup will be used in the later simulations.

Let X denote the covariance matrix of X, cov(X), by applying the probability property
2 =var(E(X|Y))+ E(var(X|Y)), 2 can be presented as the following:

> = var(G|G||py) + 0’1

=G|’ o2*GG" + 5’1

=(c’ + ||G||2 G}%B2)(~}(~1T + 026;06:5 .
&& GO

o’ o'+ 0}%[32 ||G||2 .

From Y, X' can be obtained as

X > C .
Since ~N|| | o || where C=cov(X,Y)=cov(GBY,Y)=G|G|po7,
Y u )\ C" o,

we have the var(Y|X) as o, —C" X' C. We then derive the expression of the
var(Y | X) as the following:

_ ééT ~
Y|X)=0] -po; |G| G
var(Y | X) = o, BO'y” ” L0'2+O')2,BZ||G”2J
., Pollaf

" ot +ap|Gff

[, _welel
2
ool

2.2
GyO'

oo Gf

(10)




If G=(a,,....a,)" in equation (10), then |G| = /i a .

i=1
2.5.3 Prediction under Sparsity

The estimate I' of T in the single index PFC model can be used for variable selections.
It is observed that the dimension reduction I'"X is a linear combination of the p
predictors. If a predictor X, is inactive and not related to Y, then the j ™ row of T' must

be 0.

Numerical artifacts yield all nonzero entries of I' when estimating T', even for the
entries that should be zeros. This has the effect of reducing the prediction accuracy. To
prevent this, a sparse estimation of I' is adopted.

The sparse estimate of T is obtained by a hard thresholding procedure. We let T’ be a
crude estimate of I' and denote y; as i entry in T, where j=1,..., p. Additionally, we

denote || . and |y| ~as minimum and maximum absolute values of y.’s in I' . For
min max J

|y

< 5S|y| , we define
min max

I, = I(‘f“‘ > 51 )1 .

Here, I is the indicator function;

f‘ stands for the elementwise absolute value of T’ , and
1,= (1,....1)" isthe px1 column vector of 1’s. The indicator I(‘f‘ >01,) is a p-vector of

0’s and1’s. If ‘79].‘25 then I(‘ﬁi‘Zé'):l;otherwise, I(‘fj‘25)=0,where i=L..p.

The appropriate value of ¢ is determined by cross-validation.

In the following section, we will describe other forward dimension reduction methods
and will compare their prediction performances to the signal index PFCR later under
various scenarios.

3 Forward Dimension Reduction Methods

3.1 Partial Least Squares Model

The partial least squares (PLS) model is a technique that finds a linear regression model
by projecting the design matrix X and the response vector Y to new spaces, where

X eR" and Y eR". Since both X and Y are projected into new spaces
simultaneously, the PLS model is also called as bilinear factor model. Martens and Nes
[11] have made a statement: “The PLS regression is designed to follow the declaration:



No predictor without interpretation, no interpretation without predictive ability. A good
interpretation property requires simplicity, such as a low dimension model. A good
predictive ability also requires such simplicity in order to avoid overfitting. Hence, the
intention of the PLS regression is to provide a model with as few dimensions as possible
and in such a way that these dimensions are as relevant to the response as possible”.

The PLS regression is particularly useful when the main purpose is to predict the
response variable with a high dimension design matrix. When the predictors are full of
multicollinearities and the number of observations is small, the parameter estimates
would likely encounter the problem of inflated variances. The PLS model conducts the
dimension reduction procedure, so it provides more accurate parameter estimates and
response predictions.

We aim to obtain a set of informative predictors by projecting the original design matrix
X onto a new space, where we can obtain a new lower dimension nxd design matrix

X", such that d < p. Then we use X as a new set of predictors for Y . Unlike the

principal component analysis, the PLS model finds components from X that are relevant
to Y.

The set of components, which is called as latent vectors, perform a simultaneous
decomposition on both X and Y by maximizing the covariance between X and Y . A
number of iterative procedures are found in the literature to estimate the parameters
involved in a PLS regression. Helland [9] has provided a condensed expression of the
PLS iterative procedures.

Applying the forward regression in model (8), the PLS estimate of p is given by
ﬁ(PLS) _ F(FT 2F)_1 Fré i

XY XX

where F=(é,ﬁ‘,é‘,...,ﬁ‘,q4 0), C= cand 3=

. A single index PLS
n

regression is obtained by setting the value g equal to 1, so that only one latent vector is
used. All the latent vectors are involved in a PLS regression when g = p.

3.2 Penalized Methods for Linear Models

When a linear regression contains a large number of predictors, parameter estimates are
often under restrictions. By doing so, the dimension of the design matrix may be reduced.
Several methods, such as the Ridge [8], Bridge [6], LASSO [15], and Dantzig selector [4]
have been developed. We introduce the ridge regression first, which is one of the earliest
penalized regression models. Then we launch into the LASSO regression, which is one of
the most popular penalized dimension reduction methods.



3.2.1 Ridge Regression

Due to the multicollinearity problems among the predictors, the variances of the
parameter estimates can be inflated. Unlike the PFC and PLS models, the main purpose
of the ridge regression is to reduce the inflated variances. The ridge regression has
enlightened other penalized approaches for the dimension reduction; however, the ridge
regression itself does not reduce the dimension of X .

Consider a p-vector of predictors X and an univariate response variable Y, we regress Y
on X by applying the forward regression in model (8), where g =(8,,..., p)T , B, R,
and j=1,..., p. Hoerl [10] has argued that applying the ridge regression to minimize the

variance of ﬁ is equivalent to minimize the square distance between ﬁ and B, i.e.
minimizing (B—B) (B—P).

Tibshirani [15] has concluded that by adding some penalty or restriction term, the ridge
regression sacrifices the unbiasedness property of parameter estimates, i.e. E (ﬁ) #B,to

reduce the inflated variance of ﬁ . Therefore, the prediction accuracy of the model may be
improved.

The ridge regression estimates p by minimizing the residual sum of squares

Z Y - Z; B, X, ), such that Z/ Bi <t. Equivalently, the ridge parameter estimate
i=1

R is obtained as

i=

ﬁ(Ridge) = arg min, {zl(yl — Z‘/Binj )+ ﬂz‘iﬁi} >

where A € R. The value of 4 controls the amount of shrinkages of coefficient estimates.
When A increases, the greater shrinkages will occur on ridge parameter estimates, i.e.
some f,’s will tend to zeros. The appropriate value of 4 is determined by the cross-
validation. However, the ridge regression does not set any f3, to zero. Therefore, the

ridge regression does not reduce the dimension of the design matrix.

Hastie, Tibshirani, and Friedman [8] have made a connection between the ridge
regression and the principal components analysis. By applying the singular value

decomposition, the nx p design matrix X can be decomposed into UDV", such that U
is a nx p orthogonal matrix, Vis a px p orthogonal matrix, and D isa px p diagonal

matrix. We denote the columns of the matrix U as U, where j=1,..., p. The U,’s form
an orthonormal basis for the space spanned by the column vectors in X . In addition, the



columns of the matrix V form orthonormal bases for the space spanned by the row
vectors in X . The diagonal entries of D are the eigenvalues of X, which can be
expressed as diag(d,,d,, ...,d,),suchthat d, >d, >...>2d >0.

The nx1 prediction vector \A(X of the ridge regression can be presented as

Y)(?idge) _ Xﬁ(kidge)
= X(X"X+A1)"'X"Y
= UD(D2 +AL)"'DU"Y
D

Z ]d2+i vIY'

Jj=1

In the geometric aspect, the ridge regression shrinks the coordinates with respect to the
orthonormal bases formed by the principal components. The coordinates with respect to
the principal components, which contains smaller variances will be shrunk more.

The ridge regression identifies the most important few predictors in X from the amount
of shrinkages. In the following section, we introduce another penalized regression, which
reduces the dimension of X by setting some B, ’s exactly to zeros.

3.2.2 Least Absolute Shrinkage and Selection Operator (LASSO)

In the regression analysis, it is often to select a smaller subset of the predictors, which
may possess enough regression information for making predictions. The prediction
accuracy may sometimes be improved by setting some coefficients B, ’s to zeros. By

doing so, it is equivalent to reduce the dimension of the design matrix. Similar to the
ridge regression, the least absolute shrinkage and selection operator (LASSO) regression
is a penalized approach, which sacrifices the unbiasedness property of the parameter
estimates to improve the prediction accuracy.

However, unlike the ridge regression, the LASSO minimizes the residual sum of squares
by restricting the sum of the absolute values of 3, ’s to be less than a constant value. The

restriction on Z/_Bi in the ridge regression is replaced by z},‘B_i‘ in the LASSO

regression.

Denote  as Z;‘BJ‘ and 7, as ZI/‘[A}_(]‘OLS)

value of 7 is smaller thanz,, some B, ’s should be set to zeros. Therefore, the LASSO

, Tibshirani [15] has claimed that when the

regression may conduct the dimension reduction in the design matrix.



Applying the forward regression in model (8), where B=(8,,..., p)I ,B;eR, and
j=1,..., p, Tibshirani [15] has defined the LASSO parameter estimate B> as

!

where A € R. The tuning parameter A is determined by using the cross-validation.

ﬁ(LASSO) = arg min, {Zn:(Yl — Zj B,X; )+ ﬂi‘ﬁj
i=l /=1

In the following simulation section, we will compare the prediction performances of the
single index PFC model to the ridge regression when n > p, i.e. the large n case. Since

both PFC model and LASSO regression conduct the dimension reduction, we will focus
on comparing the prediction performances of these two models when n< p .

4 Simulation Study

The purpose of the simulation study is to compare the prediction performances of the
single index PFC model with other methods, such as the OLS, ridge, LASSO, and PLS
regressions. We consider two main cases: n< p and n > p. In the first case, n< p

problems, we compare the prediction performances of the single index PFC model with
PLS and LASSO regressions. In the second case, n> p, we compare the single index

PFC model to the previous two and also the OLS and ridge regressions. In this simulation
study, we introduce the simulation setup in the first part. Then we provide the prediction
performances of different models in distinct scenarios to make the prediction
comparisons.

4.1 Data Simulation

Before applying different models to make prediction comparisons, we start with
generating two independent equal-sized data sets (>X,Y) and (X',Y"). The (X,Y)
data set is used for model building, while the (X", Y") data set is for assessing the
prediction performance of a regression model, which is constructed in (2X,Y). The way

we generate these two data sets are identical. Here, we only introduce the data generating
procedure of (X,Y).

We generate n observations of X’s and y’s, where X € R” and y € R. The response
observations y,’s are independent and identically distributed from a normal distribution

with mean 0 and a known variance aj ,i.e. ¥, ~N(0, Gyz) , where i =1,...,n. We denote
the 1xn vector Y as (3,,...,y,) and set the nx p matrix X as (X,,...,X )", where

X. eR”, i=1,..,n. We set X to be a function of Y plus an error term & . The matrix
X can be expressed as the following:



X =B@Y) +&, (1T)

where I'eR”, BeR and ¢ =(g,,...,&,) are generated from N(0, o1 p) , such that o is

given.

In many regression simulation studies, the response variable Y is generated from a linear
function of the independent predictors X, ’s. However, based on our research purpose, we

generate the response vector Y first and make X as a linear function of Y .

From equation (11), it is noticeable that when [ increases, the linear association between
X and Y becomes stronger. However, for a small value of , the error term may
dominate the linear relationship between X and Y. When B is small, it should be

difficult for the single index PFC model to find the sufficient reduction, because the
response variable Y cannot reveal sufficient regression information for X . Similarly,
the forward dimension reduction models may not perform well either, since X cannot
convey enough regression information on Y .

Applying the same data generation procedure, we simulate another data set (X*,Y").
We then substitute the model built from (X,Y) to (X,Y") and assess the prediction
performance of the model.

4.2 Simulation Setup

By setting different values for n, p, and I, we consider three cases in the simulation
study, which are the large-n, dense, and sparse cases. In each case, we use 10-fold in the
(X,Y) data set when applying the cross-validation.

The single index PFC model involves a single linear combination of the predictor.
Therefore, the single index PLS regression is applied, which is denoted as PLS (1), to
make straightforward and fair prediction comparisons. In addition, the PLS regression
with ¢ latent vectors, which is denoted by PLS (g), such that ¢ > 1, is also used to make

predictions. When applying the PLS (q) regression, the exact value of ¢ is determined by
the cross-validation.

4.2.1 Large-n-case

In the large-n-case, n > p and all predictors are active. Fixing the number of the

predictors at 25, we set € ~ N(0,1,;) and y, ~ N(0,1) , where i =1,2,...,n. By changing
the values of n and P, we create different scenarios. There are three levels of n and three
levels of B in the large-n-case. The values of n, B, p, o, and ayz are summarized in the

following table:



Table 4.1: Lar

ge-n-case setup

level 1 level 2 level 3
100 300 600
0.1 0.4 1

25
1
1

From equation (11), the design matrix X is a nx25 matrix; with different levels of n
and B, we have 9 distinct scenarios.

\/;_5, \/;_5,..., \/12_5)7 . Applying equation (10) and
setting G=I", with different value of [, the associated lower bounds of PE’s can be

calculated. The lower bounds of PE’s in the large-n-case will be presented in the later
section.

Sincep=25andd=1, weset I'=(

4.2.2 Dense case

The dense case is one of the n < p problems, such that all the predictors are active.
Fixing the number of observations at 100, we set £ ~ N(0,1,) and y, ~ N(0,1), where

i=1,2,...,100. Different scenarios are created for prediction performance comparisons by
changing the values of p and 3 . There are three levels of p and three levels of B in the
dense case.

The values of p, B, n, o, and O'j are summarized in the following table:

Table 4.2: Dense case setup

level 1 level 2 level 3
100 200 400
0.1 0.4 1
n 100
1
1

With different combinations of p and [, there are 9 distinct scenarios. In the dense case,
I'eR”™, and we set I'=(1,1,...,1)" . Using equation (10) and setting G=I", with different
values of p and B, the associated lower bounds of PE’s can be calculated. The lower
bounds of PE’s in the dense case will be presented in the later section.



4.2.3 Sparse case

The sparse case is another type of the n < p problems, where only a few predictors are

active. Since only a few predictors are relative to the response variable, the ability of
providing the sufficient dimension reduction is critical for making accurate predictions.
We denote the number of response-related predictors as p,, such that p, < p;

additionally, we set the rest (p— p,) predictors as response-unrelated.

In the sparse case, the number of response-related predictor is fixed at 10, i.e. p, =10,
and the number of observations is set at 100. In addition, we set £ ~ N(0,1,) and

v, ~ N(0,1), where i =1,2,...,100. By changing the values of p and 8, different
scenarios are created for comparing prediction performances. There are three levels of p
and three levels of B in the sparse case. The values of p, B, p,,#n, o, and aj are
summarized in the following table:

Table 4.3: Sparse case setup

level 1 level 2 level 3
100 200 400
0.1 0.4 1
10
n 100
1
1

Changing different values of p and B, there are 9 distinct scenarios. Since I'e R” and
p, 1s fixed at 10, we let the first 10 rows of I" to be 1’s and the rest (p —10) rows to be

0’s. With this setting, T' can be presented as (1,...,1,0,...,0)", and X can be expressed as
the following:

Y Y 0 Ei o Sy Gy

Y, Y, 0 Ey e Sy &
XZﬁ ‘2 ‘2 n , (p-1) P

: : 0

Yoo Yoo O 0 €001 - C00,p-1y  €100,p

With different values of p and B, the associated lower bounds of PE’s can be calculated

by applying equation (10) and setting G=I",. The lower bounds of PE’s in the sparse case
will be presented in the later section.



4.3 Simulation Results

In the large-n, dense, and sparse cases, we apply different regression models in each
scenario, which contains distinct values of n, B, or p. We iterate data generating, model

buildings, and PE’s calculations 100 times in each scenario. The aforementioned
procedure allows us to calculate the mean PE and the standard error SE(PE) from 100

PE’s. The following simulation results in all trials are the PE’s along with the associated
SE(PE)’s in parenthesis.

4.3.1 Large-n-case

The associated lower bound of PE for each level of § is listed in Table 4 through Table 6
on page 30, obviously, when B increases the lower bound of the PE decreases. More
precise predictions should be obtained when  becomes larger.

Given B =0.1, in Table 3, the OLS and ridge regressions provide the significantly largest
PE on each level of n. The prediction performances of the OLS and ridge regressions are
very similar. However, by providing the significantly smallest PE on each level of n, the
LASSO regression performs the best. In addition, it is noticeable that the single index
PFCR, PLS (gq), and PLS (1) regressions yield similar prediction performances.

When  =0.4, the linear association between X and the Y becomes stronger. In Table
5, we observe that the inverse and forward dimension reduction models perform
significantly better than the OLS and ridge regressions. When 3 =1, the linear association
between X and Y is even stronger, and the effects of the error term become less
significant. In Table 6, the PLS (q) regression dominates other methods by providing the
significantly smallest PE. It is noticeable that the single index PFCR and PLS (1) yield
almost identical prediction performances.

In the large n case, when 7 increases, the PE ’s do not change dramatically within any
given regression model; however, the SE(PE) decreases quickly as # increases. X and
Y cannot reveal sufficient regression information to each other when f is small, such as
0.1. Thus, the dimension reduction methods, such as the single index PFC model, PLS
(g), and PLS (1) regressions cannot precisely find the reduction to provide accurate
predictions. However, the LASSO regression performs the best by sacrificing the
unbiasedness property of parameter estimates. This is the advantage of the penalized
method.

It is easier for every model to find appropriate coefficient estimates and make predictions
when B increases, such as 0.4 or 1. In Table 5 and Table 6, each model provides similar

prediction performance when 7 is large. It is also observed that the prediction



performances of the single index PFCR and OLS are similar when # is large from Table 4

through Table 6.
Table 4.4: Large n case when Beta = 0.1
Beta=0.1
OLS LASSO Ridge PLS(q) PLS(1) PFC
n=100 | 1.32(0.020) | 1.00(0.014) | 1.31(0.020) | 1.17(0.016) | 1.17(0.016) | 1.15(0.015)
n=300 | 1.08(0.010) | 1.00(0.009) | 1.08(0.010) | 1.06(0.009) | 1.06(0.009) | 1.05(0.008)
n=600 | 1.04(0.006) | 1.00(0.004) | 1.03(0.006) | 1.03(0.005) | 1.03(0.005) | 1.03(0.006)
Lower 0.990099
Bound
Table 4.5: Large n case when Beta = 0.4
Beta=0.4
OLS LASSO Ridge PLS(q) PLS(1) PFC
n=100 | 1.15(0.018) | 1.00(0.013) | 1.14(0.018) | 1.00(0.015) | 1.02(0.019) | 1.03(0.021)
n=300 | 0.97(0.008) | 0.94(0.008) | 0.97(0.008) | 0.92(0.008) | 0.94(0.009) | 0.95(0.009)
n=600 | 0.93(0.006) | 0.91(0.006) | 0.92(0.005) | 0.89(0.006) | 0.90(0.006) | 0.91(0.005)
Lower 0.862069
Bound
Table 4.6: Large n case when Beta =1
Beta=1
OLS LASSO Ridge PLS(q) PLS(1) PFC
n=100 | 0.66(0.018) | 0.63(0.007) | 0.65(0.015) | 0.55(0.007) | 0.60(0.010) | 0.60(0.009)
n=300 | 0.56(0.006) | 0.53(0.006) | 0.55(0.005) | 0.51(0.005) | 0.53(0.006) | 0.53(0.005)
n=600 | 0.53(0.003) | 0.52(0.003) | 0.53(0.003) | 0.51(0.003) | 0.52(0.003) | 0.52(0.003)
Lower 0.5
Bound

4.3.2 Dense case

All of the predictors are linearly related to the response variable in the dense case. When
the number of predictors p increases, I'’ X accumulates more regression information
from the response variable. Thus, the predictions of the single index PFCR may be more
accurate when p becomes larger. Similarly, in forward dimension reduction models, the
response variable collects more regression signals from X when p increases; thus, the
predictions of the PLS (1) and PLS (g) regressions should be more precise. These
phenomena can be observed from Table 7 through Table 9 on page 31 to page 32. It is

noticeable that for a given B, when p increases, the PE ’s of the single index PFCR, PLS

(1), and PLS (g) regressions decrease.




We can obtain equally precise predictions by using signal principal fitted component
when the regression signals become stronger. The single index PFCR provides similar
predictions compared to the PLS (¢) regression in Table 8 and Table 9 by capturing the
most important principal fitted component.

Unlike the single index PFCR, PLS (1), and PLS (g) regressions, the LASSO regression

seems to be unstable in some cases. The LASSO regression shows huge values of PE
and SE(PE) when p = n in Table 7 through Table 9.

Table 4.7: Dense case when Beta = 0.1

Beta=0.1
LASSO PLS(g) PLS(1) PFC Lower Bound
p =100 5.60(2.000) 0.66(0.010) 0.73(0.010) 0.74(0.011) 0.5
p =200 0.82(0.015) 0.54(0.011) 0.61(0.010) 0.61(0.011) 0.3
p =400 0.72(0.012) 0.41(0.010) 0.49(0.009) 0.50(0.009) 0.2

Table 4.8: Dense case when Beta = 0.4

Beta=0.4
LASSO PLS(g) PLS(1) PFC Lower Bound
p=100 | 133.82(130.234) | 0.06(0.001) 0.07(0.001) 0.07(0.001) 0.059
p =200 0.10(0.002) 0.04(0.001) 0.04(0.001) 0.04(0.001) 0.030
p =400 0.11(0.002) 0.02(0.000) 0.02(0.000) 0.02(0.000) 0.015

Table 4.9: Dense case when Beta =1

Beta=1
LASSO PLS(q) PLS(1) PFC Lower Bound
p=100 0.70(0.152) 0.01(0.000) 0.01(0.000) 0.01(0.000) 0.0099
p =200 0.02(0.000) 0.01(0.000) 0.01(0.000) 0.01(0.000) 0.0050
p =400 0.02(0.000) 0.003(0.000) | 0.003(0.000) | 0.003(0.000) 0.0025

4.3.3 Sparse case

Since not all the predictors are active in the sparse case, when p increases, it cannot be
guaranteed that X will accumulate more regression information from the response
variable. Therefore, the PE’s from either inverse or forward dimension reduction models
may not be monotonically decreasing when p increases.

The sparse single index PFC model applies the hard thresholding procedure to make the
coefficient shrinkages. The LASSO regression achieves the same goal by using the
penalized method. In addition, the single index PFCR and LASSO regression use one
principal component direction when making predictions. However, the PLS regression
does not have the shrinkage procedure when estimating regression coefficients. To have a
fair and straightforward comparison, we compare the prediction performances of the



p, =10

single index PFCR and LASSO regression in the sparse case. The associated prediction
performances are listed from Table 10 to Table 12 on page 33 to page 34.

The LASSO regression dominates the single index PFCR when B is small, such as 0.1. It
is difficult for the sparse single index PFC model to find the most important principal
fitted component when the linear association between X and Y is weak. It is more
effective to use penalized method to provide accurate predictions when X and Y cannot
reveal enough regression information to each other.

The single index PFCR is expected to improve the prediction performances when the
linear association between X and Y becomes stronger. It is observed that the single
index PFCR and LASSO regression provide similar prediction performances in Table 11
and Table 12.

However, similar to the dense case, it seems that the LASSO regression is unstable in
some scenarios. The LASSO regression provides large values of PE’s and SE(PE)’s
when p = n in Table 10 through Table 12.

Table 4.10: Sparse case when Beta = 0.1 and

Beta=0.1
LASSO sparse PFC Lower Bound
p =100 1.41(0.281) 1.15(0.020) 091
p =200 1.05(0.020) 1.20(0.019) 0.91
p =400 1.04(0.017) 1.16(0.017) 091

Table 4.11: Sparse case when Beta = 0.4 and p, =10

Beta=0.4
LASSO sparse PFC Lower Bound
p =100 1.92(0.595) 0.48(0.008) 0.38
p =200 0.54(0.010) 0.53(0.009) 0.38
p =400 0.57(0.010) 0.62(0.010) 0.38

Table 4.12: Sparse case when Beta=1 and p, =10

Beta=1
LASSO sparse PFC Lower Bound
p =100 0.61(0.100) 0.10(0.002) 0.09
p =200 0.12(0.002) 0.11(0.002) 0.09
p =400 0.12(0.002) 0.13(0.003) 0.09




Conclusion

In many real applications, we can only distinct whether the case belongs to the n< p or
n> p problems. In a regression application with a few predictors, we can determine if all
the predictors are relative to the response variable by plotting X versus y. However, the
number of predictors is usually large, such as p > 25, in many practical cases. It is
difficult to determine whether all the predictors are response-related simply by plotting
when encountering a large number of predictors. Therefore, the dense and sparse cases
are not easily to be identified in many applications.

In the large-n-case of this research, all the predictors are active and we assume that
f, = in the single index PFC model. The single index PFCR is not specifically

outstanding in making predictions. In some scenarios, even the OLS regression can
provide equivalent prediction performances. But we should still take the PFC model as
another option, because not all the predictors are active in some large-n-case. The PFCR
may provide better prediction performances by using the hard thresholding shrinkage
procedure.

It is observed that the single index PFCR performs similarly to the PLS (1) regression in
the dense case. This phenomenon is based on the assumption that f, =y in the single

index PFC model. The PLS regression is set with no shrinkage procedure in this research.
However, there are methods to put in restrictions when making parameter estimates in a
PLS regression. By doing so, shrunk PLS coefficient estimates can be obtained.

The LASSO regression performs even better than the single index PFCR especially when
the regression signal is weak. However, it is noticeable that the prediction performances
of the LASSO regression seem to be unstable when # is approximately equal to p in this
research. Because of this reason, the PFCR is recommended.

Prediction errors are used as criterion for model comparisons in this research. However,
the ability of making model interpretation is also important in statistical studies. It should
be noticed that the PFCR may not be as easily interpreted as other model, such as ridge
regression.
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